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We show that the threshold condition for two pump photons to convert into a pair of the sideband
ones in Kerr microresonators with high-quality factors breaks the pump laser parameter space into
a sequence of narrow in frequency and broad in power Arnold tongues. Instability tongues become
a dominant feature in resonators with the finesse dispersion parameter close to and above one. As
pump power is increased, the tongues expand and cross by forming a line of cusps, i.e., the threshold
of complexity, where more sideband pairs become unstable. We elaborate theory for the tongues and
threshold of complexity, and report the synchronisation and frequency-domain symmetry breaking
effects inside the tongues.
Arnold tongues [1, 2] is a well-known phenomenon in
parametrically driven and coupled oscillator systems hav-
ing cross-disciplinary applications [3]. The tongues ap-
pear as a sequence of the expanding instability and syn-
chronisation intervals in the parameter space of the exter-
nal drive frequency and amplitude. The Arnold-tongues
concept established itself in neuroscience [4], structural
[5] and nano-mechanics [6], quantum engineering [7–9]
and in other areas. Periodicity embedded into the model
equations is the key property underpinning the formation
of Arnold tongues [1, 2]. Nonlinear effects in periodic op-
tical systems have traditionally attracted considerable at-
tention [10–12]. In particular, resonators that recirculate
light and reinforce light-matter interaction are naturally
suited to explore the interplay of periodicity, dissipative
and nonlinear effects [12–18].
Arnold tongues emerge through the transformation of
resonances of the underlying linear oscillator under the
influence of dissipative and nonlinear effects. Hence,
practical utilisation of this concept in resonators requires
a robust control over the linewidth and mode-density.
High-quality-factor microresonators are currently used
in the state-of-art frequency conversion, precision spec-
troscopy, comb generation and single quanta manipula-
tion [15–19]. These devices are few mm to few hundreds
of nm long with the tens of GHz to THz resonance sep-
arations, i.e., free spectral ranges (FSRs), and finesses
103-106, that should be compared to the finesses . 102
in fibre resonators [13, 14] and other modelocking devices
[20]. High finesse is naturally accompanied by the rela-
tively large finesse dispersion, which is a measure of the
spectral non-equidistance and of the resonance density in
the rotating frame, that play a critical role in bringing
the microresonator Arnold-tongues to the physical realm.
The Lugiato-Lefever equation (LLE) [21] is a key
model in the microresonator area [15]. Originally pro-
posed in the context of pattern formation in an opti-
cal resonator supporting a single longitudinal and many
transverse modes, it has since gained broad interdisci-
plinary significance [22]. A microresonator implementa-
tion of LLE (mLLE) describes the interaction of many
longitudinal modes and therefore should reflect on the
aforementioned connection between finesse and disper-
sion. Exploring an interplay of the two, we have found
a broad range of parameters where a transition from the
single-mode, i.e., continuous-wave (cw), operation to fre-
quency conversion happens via the Arnold-tongue route.
The mLLE Arnold-tongues structure emerges across the
pump frequency range from the limit of the infinitesimal
pump powers. Therefore a focus of this work is outside
the hard excitation regimes, i.e., proximity of the upper
state of the bistability loop, giving rise to the mLLE soli-
ton modelocking [15, 23–28].
We show that the tongue tips are well separated if the
finesse dispersion is the order of one, which implies that
the regions of stable single-mode operation are first inter-
leaved with the instability intervals where only one pair
of sidebands with the mode numbers ±µ kicks off the
frequency conversion process. As the pump is increased
the tongues expand, at some point they start overlapping
and form the complexity threshold. Above this thresh-
old, two and more pairs of modes with different |µ| are
becoming unstable simultaneously. We elaborate a the-
ory of the threshold of complexity and report nonlinear
effects in its proximity. The term - threshold of complex-
ity is inspired by the cellular automata related concepts
and terminology [29].
We now introduce a model and explain how it maps
onto physical devices, while more cross-area context is
provided through the text and before summary. Am-
plitude ψ of the electric field in a ring microresonator




iµϑ. Here µ and ψµ are the mode
numbers and amplitudes. ϑ ∈ [0, 2π) is an angle varying
along the ring. Resonant frequencies, ωµ, are counted
from ω0 and approximated as
ωµ = ω0 +D1µ+
1
2D2µ
2, µ = 0,±1,±2, . . . . (1)
D1/2π is the resonator FSR, and D2 is the second order
dispersion, characterising how FSR is changing with µ.
For example, D1/2π = 15GHz, |D2|/2π = 1kHz are good
estimates for CaF2 resonators for ω0/2π being close to


































where we take +1 for µ > 0 and −1 for µ < 0. Here,










Fd is the finesse dispersion, which is a key parameter
in what follows. It can be either positive (anomalous
dispersion, D2 > 0) or negative (normal dispersion, D2 <
0). Q = ω0/κ is the resonator quality factor. Q = 3 ·109,
which is a conservative number for CaF2 resonators, gives
κ/2π = 67kHz, F = 22 · 104, and |Fd| . 1.5 · 10−2 for
these samples [30, 31]. For the high Q = 1011 samples
[32], κ/2π = 2kHz, F = 750 · 104, and |Fd| . 0.5.
The Kerr mLLE is [23, 24, 33]
i∂tψ = δ0ψ − 12D2∂
2
θψ − i 12κ (ψ −H)− γ|ψ|
2ψ. (4)
Here, H2 = ηπFW is the intracavity pump power, where
W is the laser power. η = κc/κ < 1 is the pump coupling
efficiency and κc is the coupling rate. γ/2π = 10kHz/W
is the nonlinear parameter [33]. δ0 = ω0−ωp is detuning
of the pump laser frequency, ωp, from ω0.
Transformation to the rotating reference frame, θ =









Respectively, the finesse Fµ is replaced with the resid-
ual finesse, αµ, Eq. (3). The latter is also expressed as
αµ = ±(∆µ±1 − ∆µ)/κ and can be interpreted as the
inverse mode density. Fig. 1(c) illustrates how the den-
sity of states in the residual spectrum is reduced with
Fd increasing, and also shows that the linear resonances,
∆µ = 0, are located at δ0 < 0 for Fd > 0, and at δ0 > 0
for Fd < 0. Residual spectrum is non-equidistant, and
hence, even for very small Fd’s there always be a suf-
ficiently large |µ| making its resonances well separated.
Thus, |αµ|  1 and |αµ|  1 correspond to the quasi-
continuous and sparse limits of the residual spectrum,
respectively. Note, that the finesse itself is maintained
arbitrarily large in any case, Fµ  |αµ|.
We now define the single-mode cw-solution of Eq. (4)
as ψ =
√
g/γ eiφ0 , where g > 0 solves
γH2 = g + 4g (δ0 − g)2 /κ2, (6)
and recapture key steps in its stability analysis [21]. Per-
turbing the cw with a pair of sideband modes, ψ =√
g/γ eiφ0 + ψµe
iµθ + ψ∗−µe
−iµθ, we find i∂t~qµ = V̂µ~qµ,




∆µ − 2g− i 12κ −ge
i2φ0
ge−i2φ0 −∆µ + 2g− i 12κ
]
. (7)
Thus, g is simultaneously responsible for the nonlinear
shifts of the resonances and the anti-Hermitian coupling




















Degenerate four-wave-mixing (FWM) process de-
scribed by V̂µ corresponds to the following photon energy
conservation: 2~ωp = ~(ωp+µD1+Imλµ)+~(ωp−µD1−
Imλµ). CW stability is neutral at Reλµ = λµ = 0,
g = g(1)µ , g = g
(2)
µ . (10)
Hence, FWM sidebands are exponentially amplified for
g
(2)
µ < g < g
(1)
µ . Lower boundary of the cw stability in
(δ0,H)-plane, i.e., the FWM-threshold, is made by the
minima of g
(2)
µ in δ0, which are found at ∆µ = κ, g
(2)
µ =
κ/2 for every µ. Explicitly, the corresponding intracavity
pump power, H2µF , and detuning, δ
(µF )
0 = ω0 − ω
(µF )
p ,
along the FWM threshold is
γH2µF = 12κ
[






0 = 1− 12µ
2Fd. (12)










For κ = 2, Eqs. (12) and (13) match equations for a(nc)
and EIc from Ref. [21]. Here and below, the sub- and
super-scripts F,C stand for the ’FWM’ and ’Complexity’
thresholds, respectively.
Eqs. (11), (12) represent a discrete set of values, while
the laser power and frequency can be tuned continu-
ously. Hence, the instability threshold in (H, δ0) also
exists between the discrete points with the coordinates
specified by δ
(µF )
0 and H2µF . To demonstrate if and when
their separation is important, we substitute g = g
(1)
µ
and g = g
(2)
µ directly to Eq. (6) and compute H2 vs
δ0 for all µ. This procedure returns, in general, an infi-
nite number, one for each |µ|, of threshold lines that are
shown in Figs. 1(a),(b) for |Fd| = 0.005 and 0.5 (Q = 109
and 1011). For relatively small |Fd| and quasi-continuous
residual spectra, Fig. 1(c), the individual instability lines
in Fig. 1(a) overlap tightly and form a visibly single
threshold [24] reproduced by Eq. (13) with HµF vs δ(µF )0
considered as a continuous function.
As |Fd| starts approaching 1 and if it goes above it,
then resonances in the residual spectrum, Fig. 1(d),
and the respective thresholds for the neighbouring |µ|
separate, so that the pump frequency and power range
with FWM gain reshapes profoundly and forms instabil-
ity tongues, Fig. 1(b). Now, Eq. (13) describes only
the lowest power limit at which instability becomes pos-
sible, with the large areas of stability present above it,
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FIG. 1. (a,b) Arnold tongues and interplay of the FWM, W = WµF , and complexity, W = WµC , power thresholds for the
quasi-continuous (|Fd| = 0.005, Q = 109) and sparse (|Fd| = 0.5, Q = 1011) residual spectra; |D2|/2π = 1kHz, η = 0.5, residual
finesse Fd = D2/κ = D2Q/ω0. The color scheme shows the number of the simultaneously unstable ±µ sideband pairs. Lines
dropping below W = WµF and reaching W = 0 show a pair of the synchronisation tongues. (c,d) Resonances in the residual
spectrum for small (c) and large (d) |Fd|. Plots show Lorentzian lines, 1/(1 + 4∆2µ/κ2), for µ starting from 0. (e) Distribution
of the dynamical regimes across the |µ| = 35 instability tongue and its neighbourhood for Fd = 0.5. Black color corresponds
to the repetition rate locking to |µ|D1, see Fig. 2(a). Yellow marks the ’unlocked’ regimes with the |dµ| = const symmetry
breaking, see Fig. 2(b). Grey is the weak chaos with the symmetry breaking, see Fig. 2(c). Blue is the multimode complexity
with dense continuous spectra, see Fig. 2(d). The intra-resonator cw power at the tongue minima g
(2)
35 /γ = κ/2γ = 0.1W
(FWM threshold), and g
(1)
35 /γ = g
(2)
36 /γ ' α35κ/2γ = 1.75W at the threshold of complexity.
see dashed black line in Fig. 1(b). We note, that ωp,
in Figs. 1(a,b), is scanned across the narrow interval of
10−4D1 around ω0 so that ωµ6=0 are not approached even
remotely.
The instability tongues, when they are formed, provide
selective excitation conditions for the sideband pairs with
a given |µ|. The tongue tips have been found along the
quasi-linear tails of the g vs δ0 solution of Eq. (6) for δ0 <√
3κ/2 = δb if Fd > 0, and for δ0 > δb if Fd < 0. The
tips are thus directly connected to the ∆µ = 0 resonances
in the residual spectrum of the linear, g → 0, resonator,
see Fig. 1, Eq. (5), and more details below. The limiting
value of δ0 = δb, where the tongue structure diminishes,




0 , which is the condition for the
onset of bistability and the soliton regime (Fd > 0, δ0 >
δb) [15]. Tongues have also been found by us in Si3N4
resonators [34] with Q ∼ 106 − 107 [35, 36], and D2 ∼
104kHz. The g = g
(1)
µ (green squares in Fig. 1(e)) and
g = g
(2)
µ (green full lines) conditions shape the edges of
the tongues, while their tips always belong to g = g
(2)
µ .
Importantly, there is also a well-defined line that limits
the area above the tongue tips and below their intersec-
tions, see red line in Fig. 1(b). We call this boundary
- the threshold of complexity. Reaching this threshold
signals two events. First is that the inter-tongue stabil-
ity intervals cease to exist. Second is that the resonator
is brought into the regime where ±µ and ±(µ+ 1) side-
bands can become simultaneously unstable. As the pump
is increased further a sequence of thresholds, where more
modes become unstable, can be seen in Figs. 1(a),(b).
For smaller |Fd| the residual spectrum is dense and all
the thresholds tend to merge, while, for larger |Fd|, their
separation is pronounced.
Thus, the complexity threshold consists of the points
where bifurcation lines corresponding to the excitations
of the ±µ-sidebands intersect with the ones for ±(µ+ 1).
Since ∆µ is a function of µ
2, assuming µ > 0 does not
restrict the generality. Now, the intersection points, for
Fd > 0, can be found applying
g = g(2)µ = g
(2)





cf., Eq. (10). If Fd < 0, then the second condition be-




µ+1. Equations (14) is the mathe-
matical quintessence of the complexity threshold. Each
4
of Eqs. (14) is a double, i.e., codimension-2, condition
which marks a sequence of the instability points along
the threshold line, see Fig. 1(b). Equations (14) are the
cusp conditions and hence are non-differentiable in δ0,
unlike g = g
(2)
µ , Eqs. (10). For |αµ|  1, |Fd|  1,
the cusps become very shallow and the tongue structures
disappear, while F is still  1.






















If, e.g., αµ  1 (µ  1, Fd > 0), then − 12αµ +√






. Hence, Eq. (9) gives g =
g
(1)
µ ' 12καµ along the threshold of complexity. Si-
multaneously, the relatively large detunings, |δ0|  g,
imply dispersive quasi-linear resonator response. E.g.,
for κ/2π = 2kHz (Q = 1011) and µ = 35, we have
δ0/2π ' 0.5MHz and g = g(1)35 ' 2π × 17kHz at the
complexity threshold. Therefore, Eq. (6) can be approx-












µ4, |αµ|  1. (17)
∆µ = κ and g = g
(2)
µ = κ/2 at the FWM thresh-
old, see Eq. (13), and hence γH2 ' 4gδ20/κ2 now gives
WµF = WµC/|αµ| = κWµC/|µD2|. The prefactor that
makes the difference between the powers at the FWM and
complexity thresholds and hence measuring the relative
depth of the instability tongues is exactly the residual
finesse, αµ.
The proximity of each tongue provides a param-
eter range where the mLLE dynamics is dominated











2 = (∆µ − g)(3g − ∆µ), we find Imλ(±)µ =
± Im
√
3(∆µ − g)(g− 13∆µ), and hence Imλ
(±)
µ = 0 is
satisfied for 13∆µ < g < ∆µ. This is the normal mode
synchronisation condition implying that the repetition
rate of the emerging quasi-harmonic in θ, i.e., roll, pat-
terns locks to |µ|D1. While D1 is a property of the lin-
ear resonator and is independent of the pump parame-
ters, ωp and g, the normal-mode synchronisation implies
that the nonlinear, g 6= 0, repetition rate locks to an
integer-multiple of D1. The instability and synchroni-
sation tongues merge together with |Fd| increasing, and
g
(1)
µ → ∆µ, g(2)µ → 13∆µ, cf., Figs. 1(a) and (b) where
two synchronisation tongues are contrasted against the
instability ones.
Tongues are classified by their synchronisation order
n : m, where n is the number of nonlinear pulses coming
through the system per m periods of the linear oscilla-
tor [3]. In our case, the linear round trip time is 2π/D1
and periods of the synchronised waveforms are 2π/|µ|D1,
thus the corresponding orders are |µ| : 1. As for the clas-
sic Arnold tongues [3], the synchronization intervals start
for infinitesimal pumps at the resonance points, ∆µ = 0,
in the linear, g → 0, spectrum. The upper and middle
branches of the g vs δ0 curve inside the bistability in-
terval (unlike its quasi-linear tails) do not withstand the
g → 0 limit, and therefore their stability maps do not
reveal the tongues.
Though the linear theory predicts |µ| : 1 syn-
chronisation across the whole tongues area, the nonlin-
ear processes make other regimes possible. The time-
average mode frequencies are ω̃µ = ωp + D1µ + 〈∂tφµ〉,
where φµ(t) = argψµ [37]. Beating ψµ against ψ−µ pro-
vides a measure of the average nonlinear repetition rate
D̃1µ =
1
2 (ω̃µ − ω̃−µ). The difference between the two
rates, D̃1µ − |µ|D1 = 12 (〈∂tφµ〉 − 〈∂tφ−µ〉) ≡ |µ|dµ, is
a function of ωp, and g. Hence, dµ 6= 0 implies de-
synchronisation, i.e., ’unlocking’ of the repetition rate
from |µ|D1.
Numerical simulations of Eq. (4) conducted for 20000
parameter points across the tongues have revealed that
the locking, dµ = 0, range starts from the tongue tips and
spreads along their g = g
(1)
µ edges upwards, see black
areas in Fig. 1(e), and Fig. 2(a). Another expressed
feature of the dynamics inside the tongues is the vio-
lation of the repetition rate locking regimes producing
dµ 6= 0, see yellow and grey areas in Fig. 1(e). In the
coordinate space, the dµ 6= 0 regimes correspond to a
pair of the coexisting rolls rotating with the unlocked
rates, |µ|(D1 ± dµ). Two rolls can either coexist inde-
pendently (yellow areas), see one of them in Fig. 2(b), or
generate chaotic switching dynamics (grey areas) associ-
ated with the weak modes emerging around the dominant
ones, see Fig. 2(c). Here we deal with the frequency-
domain symmetry breaking [42], when symmetry is bro-
ken not only for the sideband powers, see mode-number
spectra in Figs. 2(b), but also for their spectral content,
see and compare the radio-frequency (RF) spectra of the
dominant modes in Figs. 2(a) and 2(b). As the thresh-
old of complexity is approached and crossed, the few-
mode dynamics is replaced by the transition to the de-
veloped multimode chaos, when every consecutive mode
in the spectrum is excited forming very dense continua,
see Fig. 2(d).
Before concluding, we make further contextual connec-
tions. Refs. [38, 39] looked at the similar to our problem
of the Arnold tongue overlaps in dissipative maps and bi-
ological systems. Refs. [40, 41] measured synchronisation
and tongues for the soliton sequences flowing across a fi-
bre linking two micro-rings. Tongue formation studied by
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FIG. 2. (a) Repetition rate locking (dµ = 0, black area in Fig. 1(e)); (b) Frequency-domain symmetry breaking (dµ = const,
yellow area in Fig. 1(e)); (c) Few-mode chaos (chaotic variations of dµ, grey area in Fig. 1(e)) (d) Multi-mode complexity
(blue area in Fig. 1(e)). Top two rows show the µ = ±35 sideband RF spectra |Sµ(∆)|2 [37]. 3rd row shows the mode powers
at t = 16ms. 4th row is the space-time dynamics.
us should be compared with the multiple instability do-
mains containing continua of modes reported in the zero
finesse diffractive feedback systems [43], and in the low-
finesse resonators [13, 14, 44]. Refs. [45–49] reported sta-
tionary and breathing rolls with no symmetry breaking in
mLLE and alike systems. Refs. [42, 50, 51] studied sym-
metry breaking of the counter-propagating single-mode
and soliton regimes in bi-directional microresonators.
In summary: We elaborated theory for the threshold of
complexity and nonlinear effects within Arnold tongues
in Kerr microresonators. Our results hold potential for
applications in frequency conversion and RF-photonics
areas relying on a range of existing and emerging high-Q
resonators.
This work was supported by the EU Horizon 2020
Framework Programme (812818, MICROCOMB). We
are deeply indebted to W.J. Firth and L.A. Lugiato for
invaluable comments and interest in our work.
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